Exceptional points (EPs) are degeneracies in open wave systems with coalescence of at least two energy levels and their corresponding eigenstates. In higher dimensions, more complex EP physics not found in two-state systems is observed. We consider the emergence and interaction of multiple EPs in a four coupled optical waveguides system by 
singularities 4, 5 , two (or more) eigenfunctions collapse into one, so the eigenspace no longer forms a complete basis, and these eigenfunctions become self-orthogonal under the unconjugated inner product.
The concept of EP also features prominently in the study of parity-time (PT) symmetric optics 6, 7 , and many interesting features have been discovered theoretically and demonstrated experimentally, such as topological characteristics [8] [9] [10] , loss-induced transparency 11 , coherent perfect absorption 12 , slow light 13 , non-Hermiticity induced flatbands [14] [15] [16] and Bloch oscillations [17] [18] [19] . PT structures are composed of judiciously distributed gain and loss mechanisms, and the loss is usually generated by metal coating or open boundary for radiation, while the gain is created using optical or electrical pumping. They feature a form of symmetry breaking between 'PT-symmetric' phases (with real eigenvalues) and 'PT-broken' phases (with conjugate pair eigenvalues), separated by EPs where two (or more) eigenstates become degenerate. Very recently, the emergence and interaction of higher-order EPs in a four-state system using coupled acoustic cavities have been reported by K. Ding et al., which presents more interesting topological characteristics and richer EP physics 8 .
On the other hand, coupled optical waveguides provide a platform for exploring the physics of EPs and PT symmetry, because they can be fabricated with precise control over the structural parameters affecting propagation constants and coupling coefficient. Klaiman 26 . In this paper, we present the emergence and coalescence of higher-order EPs and power oscillations in a PT optical four-waveguide system that involves non-Hermitian couplings.
The emergence and coalescence of higher-order EPs can be summarized in a phase diagram featuring an exceptional point formation pattern (EPFP). The coalescence of higher-order EPs forms two curves in the parameter space, partitioning the phase space into three regions each with a unique EPFP. Our theoretical analysis is based on coupled-mode theory (CMT). We construct a four-state system as shown in Fig 
The diagonal terms of H describe the propagation constants of the sites (waveguides). For simplicity, the β1, β2, K1, K2, and Γ are set to real numbers here. The off-diagonal terms κnm describe the coupling between the nth and mth sites. The non-Hermitian couplings are κ12 = κ21 = K1+iΓ = κ34*= κ43* and κ32 = κ23 = K2+iΓ = κ14* = κ41*.
Each coupling term consists of a Hermitian part, K1 or K2, and a non-Hermitian part, Γ. The eigenvalues of the Eq.
(1) take the following form:
where β0=(β1+β2)/2 and
with Δβ=β1-β2.
From Eq. (2), it is obvious that coalescence of states (CSs) 8 
Equation (5) and equation (6) are plotted by a solid red line and a solid blue line in Fig. 1(b) , respectively. From Eq. (3) and (4), we see that, depending on the parameters K1, K2, and Δβ, different combinations of a single EP2, two EP2's, and EP4 may appear in the EPFP when Γ increases continuously. multiple EPs considered here can be used for mode selection, so it is worthwhile to note that the optical waveguides system with multiple EPs considered here might be used as an effective tool for modal demultiplexing 34 . We choose a value of Δβ / K1 = 1.5 and then decrease K2 / K1 continuously from 1.5 (point P1) to 0 (point P6), as marked by the dotted black line in Fig. 1(b) . The point P1 lies in class I, which occupies the top area of the diagram. We can see from Fig. 2(a) that increasing Γ / K1 renders Δ2 vanish and consequently we have two EP2's singularities in the spectrum with complex eigenvalues. Further increasing of Γ / K1 yields another root of Δ2 which forms two EP2's singularity. Upon a further increase in Γ / K1, 12 2    becomes negative and a single EP2 singularity appears. Decreasing the K2 / K1 will bring the system to the blue solid line in Fig. 1(b) , which is given by Eq. (6). As shown in Fig. 2(b) (point P2), the configurations on this blue line always carry a EP4 type singularity for some particular values of Γ / K1 and three states are defective at EP4 (same as Fig. 2(d) ). Such a singularity is a higher-order EP. The blue line hence represents a line of higher-order singularities. In addition to the EP4 singularity, we find another two EP2's singularities at a smaller value of Γ / K1 around 1. Below the blue line in Fig. 1(b) (in the class II), the EP4 singularity splits into three singularities: two EP2's on the left and a single EP2 on the right. A typical EPFP of class II is shown in Fig. 2(c) (point P3) . Interestingly, we find symmetry recovery 20 between the two EP2's singularities and a single EP2 singularity indicated in the inset of Fig. 2(c) . In this area, all eigenvalues are real again with Γ / K1 increasing and the symmetry is recovered. The red solid line in Fig. 1(b) , which is given by Eq. (5) separates class II from class III. In similar to the point P2, point P4 on the red line carries an EP4 type singularity. Below this line (in the class III), the EP4 singularity also splits into three singularities. In this case shown in Fig. 2(e) , when the symmetry is broken at the two EP2's with a smaller value of Γ / K1, the eigenvalues do not become real again and symmetry recovery is no longer possible. At K2 / K1 = 0 (point P6), we find that the Hamiltonian is non-Hermitian and the entire spectrum is imaginary when Γ / K1 ≠ 0. There are only two EP2's singularities on the left and a single EP2 singularity on the right when Γ / K1 > 0 in this case. In addition, the most interesting thing is that in our system EP4 can split into three EP2's either on the on the imaginary axis ( Fig. 2(g)) or on the real axis ( Fig. 2(i) ) while all the other cases can be categorized by how this EP4 is split in the complex plane. This phenomenon is different from the splitting of an EP3 into two EP2's discussed in Ref [35] . It is worthwhile to mention that strictly speaking our system possesses RT-symmetry instead of PT-symmetry 23, 36 satisfying [H, RT] = 0, where R denotes rotation by π about the central axis of the system. The phase transition behaviors of RT systems could be very distinct as compared to that of PT. For instance, one can have a situation where the spectrum for RT type of system is completely real in contrast to the corresponding PT variant where it is not so. Besides RT symmetry, our system has non-Hermitian particle-hole (NHPH) symmetry 37 . The effective Hamiltonian of our system satisfies {H-β01, CT} =0. The eigenstates can exist in two phases i.e., the symmetric To identify the singularity order, we plot in Fig. 3 , all four states are distinct and their phase rigidity is close to unity. As Γ / K1 is increased, phase rigidities are reduced as some states begin to mix. In Fig. 3(a) , we plot the absolute value of phase rigidity of point P2 in the phase diagram. In EP4 (Γ / K1 ≈ 1), all four states have zero rigidity, which indicates they are all linearly dependent with three defective states. Two states are completely mixed at the EP where the phase rigidity vanishes as shown in Fig. 3(b) . It is clear that j r vanishes for states j =1 and 2 at the linear crossing point at Γ / K1 ≈ 1.06, indicating a defective state. Fig. 4 . The amplitudes distributions of the four-waveguide system for the propagating total fields based on coupled mode theory. The lower panels refer to the density plots of the field distributions corresponding to the upper ones.
In order to confirm the underlying physics of higher-order EPs in the four-waveguide system, we perform theoretical calculations based on CMT. The field propagation within the waveguides can be described by the following set of equations in the tight-binding approximation (TBA):
where ΨA, ΨB, ΨC, and ΨD, are the amplitudes of the light field in these four waveguides, respectively. The initial incident amplitude is Ψ (0) = (1, 0, 0, 0), which means the waveguide labeled A being excited at the input of the array. Fig. 4 shows the calculation results of three cases. For the sake of simplicity, we set β1 = 1 and K1 = 1. We choose the parameters corresponding to the point P2, for which the real and imaginary parts of the eigenvalues are presented in Fig. 2(b) . Firstly, we set Γ / K1 = 0.5 which is PTsymmetric with real eigenvalues (propagation constants) and has eigenstates (waveguide supermodes) that respect PT symmetry. The real spectrum in the PT-symmetric phase indicates that wave propagation with conserved energy can be realized in the presence of non-Hermitian coupling as shown in Fig. 4(a) . As the value of Γ / K1 approaches the EPs, the system become PT-broken characterized by complex conjugate propagation constants, together with supermodes that do not respect PT symmetry. At the EP and higherorder EPs, the total beam power starts to grow exponentially (see the corresponding color bars) as presented in Fig. 4(b) (the EP with Γ / K1 = 1) and Fig. 4(c) (the higher-order EP with Γ / K1 = 1.25). Fig. 1(a) . (b) Projections of curves in the two-dimensional parameter space (K2, Γ) of the dotted rectangle in Fig. 4(a) .
Higher-order EPs are related to the parameter sensitivity of eigenmodes. Despite the fact that it has so far attracted little attention, it is worthwhile to mention that it could be imperative in an expected experimental confirmation. To find out curves of higher-order EPs in the system, we use the condition of 12 0     . We illustrate the results in Fig. 5(a) for a configuration of the system. The points on the two space curves (colored green and red, respectively) satisfy the condition of higher-order EPs. To find the curves of lower-order EPs in the system, we select a plane (indicated by the dotted rectangle) of Δβ / K1 = 1 in the three-dimensional parameter space. Solving the conditions of 12 20     and Δβ / K1 = 1, we get the solid black line in Fig. 5(b) which indicates a single EP2 singularity. The solid pink and blue lines are given by Δ2 = 0, and Δβ / K1 = 1, respectively, which indicates the two EP2's singularity. The two points (green and red dots) that refer to the points of intersection between the black and blue lines, and the black and pink lines are the EP4 singularities. So the higher-order EPs can be seen as result of a coalescence of lower-order EPs.
We have studied a closed-form four-waveguide system with non-Hermitian coupling which can serve as a promising setup for verification of higher-order EPs. The emergence and coalescence of higher-order EPs induced by non-Hermitian coupling have been studied numerically. We have shown the mixing of the states by computing absolute phase rigidities. Beam power propagations in the non-Hermitian system of four-waveguides with non-Hermitian couplings are presented by CMT method. We also demonstrate the curves of the lower-order and higher-order EPs in the parameter space of the system. Our work present a generalized description of higher-order EPs though non-Hermitian couplings in coupled optical waveguides system which could be potentially important in various aspects of practical optical settings, such as modal demultiplexing, sensing and so on. In non-Hermitian system, the eigenfrequency splitting Δω can be accentuated by orders of magnitude, because it follows an ε 1/N -dependence 25 (N represents the order of the exceptional point, ε is the small disturbance). The numerical computation of fourth-order EP in our system could be suggestive of enhanced sensitivity of such few-site optical waveguides system upon judicious device engineering and tuning. In addition, the presence of multiple EPs in this system can be useful for enhanced prospect of mode selectivity and modal demultiplexing.
